On p-adic propreties of the Witten-Reshetikhin-Turaev invariant by Rozansky, L.
ar
X
iv
:m
at
h/
98
06
07
5v
2 
 [m
ath
.Q
A]
  6
 Ju
n 1
99
9
math.QA/9806075
On p-adic properties of the Witten-Reshetikhin-Turaev invariant
L. Rozansky1
Department of Mathematics, University of Illinois
Chicago, IL 60608, U.S.A.
E-mail address: rozansky@math.uic.edu
Abstract
We prove the Lawrence conjecture about p-adic convergence of the series of
Ohtsuki invariants of a rational homology sphere to its SO(3) Witten-Resheti-
khin-Turaev invariant. Our proof is based on the surgery formula for Ohtsuki
series and on the properties of the expansion of the colored Jones polynomial of
a knot in powers of q − 1 and qα − 1, α being the color of the knot.
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1 Introduction
A quantum invariant of 3-manifolds (WRT invariant) discovered by E. Witten [29] and by
N. Reshetikhin, V. Turaev [16], is an extension of the Jones polynomial from links in S3 to
links in any compact oriented 3-manifold M . For a link L ⊂ M with L components, the
WRT invariant Zα(M,L;K) is a complex number depending on positive integer parameters
K and α = (α1, . . . , αL) such that 1 ≤ αj ≤ K − 1. The WRT invariant is quite effective
in distinguishing between the topologically inequivalent links and 3-manifolds. However its
relation to the ‘classical’ topology remains mysterious, especially if we use the mathematically
rigorous definition of [16], which relies on the representation theory of quantum group suq(2)
rather than the non-rigorous path integral definition of [29].
One could try to determine the topological content of the WRT invariant Z(M ;K) inde-
pendently for every value of K. R. Kirby and P. Melvin have tried this approach in [4], but
they succeeded in relating Z(M ;K) to classical invariants only for few small values of K.
An alternative approach is to study how Z(M ;K) depends on K in a hope of identifying the
topological invariants which parametrize this dependence. Two different methods of achiev-
ing this goal were developed – a number-theoretic and an analytic one. We showed in [23]
that if M is a rational homology sphere (QHS) then, surprisingly, both methods produce
the same sequence of invariants.
The number-theoretic method was advanced by H. Murakami and T. Ohtsuki. They
worked with the modified WRT invariant Z ′(M ;K) introduced by Kirby and Melvin [4].
Murakami proved [11], [12] (see also [10]) that for a QHS M and for an odd prime K,
Z ′(M ;K) belongs to the cyclotomic ring Z[q], q = exp(2pii/K). Therefore one can write
Z ′(M ;K) =
K−2∑
n=0
an(M ;K) (q − 1)
n, where an(M ;K) ∈ Z. (1.1)
The coefficients an(M ;K) still depend on K, however Ohtsuki observed [13], [14] that their
remainders modulo K are almost K-independent. He showed that there exist K-independent
invariants λn(M) ∈ Q, n ≥ 0 such that
an(M ;K) ≡
(
|H1(M,Z)|
K
)
L
λn(M) (modK) for n ≤
K−3
2
. (1.2)
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Here |H1(M,Z)| is the order of the first homology of M and
(
|H1(M,Z)|
K
)
L
is the Legendre
symbol. If λn(M) is not integer, then it should be viewed in eq. (1.2) as a K-adic integer.
Murakami showed that the first two invariants λ0 and λ1 are classical
λ0(M) = 1/|H1(M,Z)|, λ1(M) = 3λCW(M)/|H1(M,Z)|, (1.3)
where λCW(M) is the Casson-Walker invariant of M .
R. Lawrence [5] conjectured that λn(M) have much more control over Z
′(M ;K), than
that displayed by eq.(1.2). She suggested that
λn(M) ∈ Z[1/2, 1/|H1(M,Z)|] (1.4)
and that the series
(
|H1(M,Z)|
K
)
L
∑∞
n=0 λn(M) (q − 1)
n converges K-adically to Z ′(M ;K) in
the K-adic completion ZK [q] of the cyclotomic ring Z[q], that is,
Z ′(M ;K) =
(
|H1(M,Z)|
K
)
L
∞∑
n=0
λn(M) (q − 1)
n. (1.5)
Lawrence verified her conjecture for Seifert manifolds constructed by Dehn’s surgery on
(2, m) torus knots.
The goal of this paper is to prove the Lawrence conjecture for a general QHS Our proof is
based on a surgery formula for the invariants λn(M). This formula has first appeared [19] in
the study of the asymptotic properties of Z(M ;K) at large values of K. The same formula
is relevant for the number-theoretic properties of Z ′(M ;K) because the sum in the r.h.s.
of eq.(1.5) considered as a formal power series in (q − 1), represents the trivial connection
contribution to Z(M ;K).
At the ‘physical’ level of rigor, the asymptotic properties of Z(M ;K) follow fromWitten’s
formula [29] which presents this quantum invariant as a path integral over SU(2) connections
in the (trivial) SU(2) bundle over M . At large values of K the integral can be evaluated
in the stationary phase approximation, the stationary phase points being the flat SU(2)
connections. Therefore Witten conjectured that Z(M ;K) splits into a sum of contributions
coming from connected components M(c) of the moduli space M of flat SU(2) connections
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on M
Z(M ;K) ≃
∑
c
Z(c)(M ;K), (1.6)
where ≃ denotes asymptotic convergence. Each contribution Z(c)(M ;K) is proportional to
a ‘classical exponential’
Z(c)(M ;K) = e(iK/2pi)S
(c)
CSX(c)(M ;K). (1.7)
Here S
(c)
CS is the Chern-Simons invariant of connections in the component M
(c) ⊂ M while
X(c)(M ;K) is an asymptotic series in powers of K−1 whose coefficients are invariants of M .
These coefficients are independent of K and therefore they can be expected to be related
to classical topology. If M is a QHS, then the trivial SU(2) connection is an isolated point
in the moduli space M. Therefore according to path integral predictions, it should yield a
distinct contribution to Z(M ;K) of the form
Z(tr)(M ;K) = |H1(M,Z)|
−1/2
∞∑
n=0
Dn(M)K
−n, (1.8)
where Dn(M) are complex-valued invariants of M .
Since the asymptotic properties (1.6), (1.7) of the WRT invariant have not been proven
yet, we had to choose a different way to work with Z(tr)(M ;K). Following the approach
of Reshetikhin and Turaev [16] to the WRT invariant, we defined the invariant Z(tr)(M ;K)
of a QHS M constructed by a surgery on a link L ⊂ S3 as a formal power series (1.8)
whose coefficients Dn(M) are expressed in terms of the coefficients of the colored Jones
polynomial of L through special surgery formulas [19]-[22]. We call Z(tr)(M ;K) defined by
these formulas the TCC invariant, TCC being the abbreviation of the trivial connection
contribution. We proved that Z(tr)(M ;K) is well-defined by our surgery formulas, that is,
it does not depend on the choice of a surgery link used to construct M . Then we gave a
path integral explanation of why our invariant should indeed represent the trivial connection
contribution to the path integral of [29]. We also proved [17], [18] that the WRT invariants
of Seifert homology spheres have the asymptotic properties (1.6), (1.7) and that the surgery
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formula for the TCC invariant of these manifolds yields the trivial connection contribution
to their WRT invariants in the sense of eqs.(1.6), (1.7).
Our surgery formulas for Z(tr)(M ;K) showed that, as we hoped, the first coefficients
Dn(M) in the sum of eq.(1.8) are classical topological invariants of M
D0(M) = 1/|H1(M,Z)|, D1(M) = 6piiλCW(M)/|H1(M,Z)|. (1.9)
There is an apparent similarity between eqs.(1.9) and (1.3). In [23] we showed that for n ≥ 2
the invariants Dn(M) and λn(M) are also essentially equivalent. More precisely, we proved
the equation
Z(tr)(M ;K) =
∞∑
n=0
λn(M) (e
2pii/K − 1)n, (1.10)
which should be understood as a relation between two formal power series in K−1. In view of
relation (1.10), the Lawrence conjecture (1.5) has a deeper meaning: it means that although
the TCC invariant Z(tr)(M ;K) is only a part of the total WRT invariant Z(M ;K), still it
determines Z(M ;K) for all prime K.
Our proof of eq.(1.10) as well as an alternative proof of the Murakami and Ohtsuki results
(1.1) and (1.3) which we provided in [23], was based on the propreties of the expansion of the
colored Jones polynomial in powers of (q−1) and colors (this expansion was first considered
in [9]). We used a previously established bound [21] on the powers of colors versus the powers
of (q − 1) which exists for algebraically split links, i.e. links whose linking numbers are zero
(recently T. Le [7] has used the same idea in order to prove the analogs of eqs.(1.1) and (1.3)
for SU(N) WRT invariants). However, the bound itself did not allow us to relate λn(M) to
Z ′(M ;K) beyond eq.(1.3).
In [25] we proved that the expansion of the colored Jones polynomial of a knot in S3 in
powers of (q − 1) and α (α being the color of the knot) can be rewritten as an expansion
in powers of (q − 1) and (qα − 1) (α being the color of the knot) with integer coefficients.
The integrality of those coefficients allowed us [24] to give a simple proof of Lawrence’s
conjecture for a QHS, constructed by a surgery on a knot in S3. In [27] we generalized the
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results of [25] to a knot in a QHS In this paper we will use the method of [24] in order to
prove the Lawrence conjecture in the general case.
2 Notations, background and statement of results
First of all, let us introduce our multi-index, number-theoretic and topological notations.
We use multi-index notations for the colors of links. For a link L with L components we
denote x = (x1, . . . , xL) and
x+ y = (x1 + y1, . . . , xL + yL), yx = (yx1, . . . , yxL), xy = (x1y1, . . . , xLyL),
xy = (xy1 , . . . , xyL), xy = (xy1, . . . , x
y
L), x
y =
∏L
j=1 x
yj
j ,
{f(x)} =
∏L
j=1 f(xj), |x| =
∑L
j=1 xj .
(2.1)
When we consider two links L and L′ simultaneously, we also use a multi-index notation
y = (y1, . . . , yL′) (2.2)
for the colors of the L′-component link L′. We denote concatenation of multi-indices as
x, x = (x1, . . . , xL, x), x, y = (x1, . . . , xL, y1, . . . , yL′). (2.3)
Also x = x means xj = x for all 1 ≤ j ≤ L.
We will use three variables K, q and h which are related by
q = e2pii/K , h = q − 1. (2.4)
A rational power of q is defined as
qr = e2piir/K , r ∈ Q. (2.5)
In many cases we will have to specialize K to a positive integer. In order to indicate this
explicitly we use ‘checked’ symbols
Kˇ ∈ Z+, qˇ = e
2pii/Kˇ , hˇ = qˇ − 1. (2.6)
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Also while α, β are variables, αˇ and βˇ stand for positive integers. These elaborate nota-
tions will help us to avoid confusion between the formal parameters and their K-adic and
cyclotomic versions.
For Kˇ being prime, ZKˇ denotes the ring of Kˇ-adic integers, Z[qˇ] is the cyclotomic ring
and ZKˇ [qˇ] is its K-adic completion. Note that since we set qˇ = e
2pii/Kˇ , then Z[qˇ] for us is a
particular subring of C.
Denote by Z(Kˇ) ⊂ Q the ring of rational numbers whose denominators are not divisible
by Kˇ. There is a natural embedding
∨ : Z(Kˇ) → ZKˇ , λ 7→ λ
∨, (2.7)
which maps fractions into power series in Kˇ. Whenever we use a notation λ∨, we assume
that λ ∈ Z(Kˇ). The homomorphism (2.7) can be extended from Z(Kˇ) to formal power series
with coefficients in Z(Kˇ)
∨ : Z(Kˇ)[[h]]→ ZKˇ [qˇ] (2.8)
by setting h 7→ hˇ. Indeed, since
(qˇKˇ − 1)/(qˇ − 1) = 0, (2.9)
then
hˇKˇ−1 = Kˇx, for some x ∈ Z[qˇ]. (2.10)
As a result, any series of the form
∑∞
n=0 an hˇ
n, an ∈ ZKˇ has a Kˇ-adic limit in ZKˇ [qˇ]
∞∑
n=0
an hˇ
n=A ∈ ZKˇ [qˇ], (2.11)
which means by definition that for any N0 > 0 there exists N
′
0 such that for any N > N
′
0
A =
N∑
n=0
an hˇ
n + KˇN0+1x, x ∈ ZKˇ [qˇ]. (2.12)
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Therefore the image of a formal power series S(h) =
∑∞
n=0 an h
n, an ∈ Z(Kˇ) under the homo-
morphism (2.8) can be defined as the K-adic limit of the corresponding series
∑∞
n=0 a
∨
n hˇ
n
∨ : S(h) 7→ S∨=
∞∑
n=0
a∨nhˇ
n ∈ ZKˇ [qˇ]. (2.13)
We will need a few more number-theoretic notations.
(
x
Kˇ
)
L
denotes a Legendre symbol
of x. If x is an integer not divisible by Kˇ, then
(
x
Kˇ
)
L
= 1 if there exists y ∈ Z such that
x ≡ y2 (mod Kˇ), and
(
x
Kˇ
)
L
= −1 otherwise. For a prime Kˇ and an integer n not divisible
by a prime Kˇ, let n∗ denote any integer such that
nn∗ ≡ 1 (mod Kˇ). (2.14)
Also denote for an odd Kˇ
κ =


1 if Kˇ ≡ 1 (mod 4)
−1 if Kˇ ≡ −1 (mod 4).
(2.15)
Finally, for x ∈ ZKˇ , we denote by [x]N ∈ Z the remainder of x modulo Kˇ
N+1
[x]N ≡ x (mod Kˇ
N+1). (2.16)
Now let us fix some standard topological notations. Let K be a knot in a 3-manifold M .
A meridian of K is a simple cycle on the boundary of its tubular neighborhood, which is
contractible through that neighborhood. A parallel is a cycle on the same boundary which
has a unit intersection number with the meridian. A knot is called framed if we made a
choice of its parallel. A link is framed if all of its components are framed. We denote framed
knots and links by putting a hat on top of their symbols: Kˆ, Lˆ.
Suppose that a framed knot Kˆ is of finite order as an element of H1(M,Z) (we will denote
the order of Kˆ as o). Then its self-linking number p is the linking number between the knot
and its parallel, p ∈ Z/o. Dehn’s surgery on a framed knot Kˆ ⊂ M is a transformation of
cutting out a tubular neighborhood of Kˆ and gluing it back in such a way that the meridian of
the tubular neighborhood matches the parallel left on the boundary of the knot complement.
A result of this procedure is a new 3-manifold M ′.
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In order to shorten our formulas, we will denote the order of the first homology of a QHS
M as h1(M):
h1(M) = |H1(M,Z)|. (2.17)
Let us recall the quantum invariants appearing in 3-dimensional topology. The colored
Jones polynomial
Jαˇ(Lˆ; q) ∈ Z[q
1/2, q−1/2], (2.18)
Jαˇ(Lˆ; q) ∈ Z[q, q
−1] if αˇ are odd (2.19)
is an invariant of a framed L-component link Lˆ ⊂ S3. The positive integers αˇ are called
‘colors’, they are assigned to components of Lˆ. The WRT invariant is an invariant of a
framed link Lˆ in a 3-manifold M . It depends on a positive integer Kˇ, and we denote it
as Zαˇ(M, Lˆ; Kˇ). N. Reshetikhin and V. Turaev defined the WRT invariant by a surgery
formula and verified that Zαˇ(M, Lˆ; Kˇ) does not depend on the choice of a surgery link.
Definition 2.1 (N. Reshetikhin, V. Turaev [16]) If M = S3, then
Zαˇ(S
3, Lˆ; Kˇ) = Jαˇ(Lˆ; qˇ), (2.20)
If M is constructed by Dehn’s surgery on a framed L′-component link Lˆ′ ⊂ S3, then
Zαˇ(M, Lˆ; Kˇ) = i
−L′ (2Kˇ)−L
′/2 e−(3pii/4) sign(Lˆ
′) qˇ(3/4) sign(Lˆ
′) (2.21)
×
∑
0<βˇ<Kˇ
{qˇ
βˇ/2
− qˇ
−βˇ/2
} Jαˇ,βˇ(Lˆ ∪ Lˆ
′; qˇ),
where sign(Lˆ′) is the signature of the linking matrix of Lˆ′.
For an empty link L we denote Zαˇ(M, Lˆ; Kˇ) simply as Z(M ; Kˇ). Note that we use the
normalization in which
Z(S3; Kˇ) = 1. (2.22)
The WRT invariant (and all other quantum invariants of links that we will consider in this
paper) has a simple dependence on the choice of framing of Lˆ. As a result, if a component
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Kˆ of a link Lˆ ∪ Kˆ has a finite order as an element of H1(M,Z) so that it has a well-defined
self-linking number p, then we can introduce an invariant which does not depend on the
framing of Kˆ
Z
αˇ,βˇ
(M, Lˆ ∪ K; Kˇ) = q−(1/4)p(βˇ
2−1) Z
αˇ,βˇ
(M, Lˆ ∪ Kˆ; Kˇ). (2.23)
If Kˆ is homologically trivial, then K can be interpreted as a knot with zero self-linking
number, otherwise K is just a symbolic notation for the framing-independent invariant
Z
αˇ,βˇ
(M, Lˆ ∪ K; Kˇ).
For an odd number Kˇ, R. Kirby and P. Melvin introduced the SO(3) WRT invariant
Z ′(M ; Kˇ) which has a simple relation to Z(M ; Kˇ)
Z(M ;K) = Z(M ; 3)Z ′(M ;K) if K ≡ −1 (mod 4),
Z(M ;K) = Z(M ; 3)Z ′(M ;K) if K ≡ 1 (mod 4).
(2.24)
H. Murakami [11],[12] and T. Ohtsuki [13],[14] proved that Z ′(M ; Kˇ) satisfies the following
properties.
Theorem 2.2 If Kˇ is an odd prime andM is a QHS such that the order of the first homology
h1(M) is not divisible by Kˇ, then
(1) [Murakami]
Z ′(M ; Kˇ) ∈ Z[qˇ], (2.25)
so that
Z ′(M ; Kˇ) =
K−2∑
n=0
an(M ; Kˇ) hˇ
n, where an(M ; Kˇ) ∈ Z; (2.26)
(2) [Ohtsuki] There exists a sequence of invariants λn(M) ∈ Q, n ≥ 0 such that if n ≤
Kˇ−3
2
then λn(M) ∈ Z(Kˇ) and
an(M ; Kˇ) ≡
(
h1(M)
Kˇ
)
L
λ∨n(M) (mod Kˇ), (2.27)
where
(
·
Kˇ
)
L
is the Legendre symbol;
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(3) [Murakami]
λ0(M) = 1/h1(M), λ1(M) = 3λCW(M)/h1(M), (2.28)
where λCW(M) is the Casson-Walker invariant of M .
The goal of this paper is to prove the following conjecture made by R. Lawrence.
Conjecture 2.3 (R. Lawrence [5]) For a QHS M,
λn(M) ∈


Z if h1(M) = 1
Z[1/2, 1/h1(M)] if h1(M) > 1
(2.29)
and if Kˇ is an odd prime which does not divide h1(M), then
Z ′(M ; Kˇ) =
(
h1(M)
Kˇ
)
L
∞∑
n=0
λ∨n(M) hˇ
n in ZKˇ [qˇ]. (2.30)
The proof of the Lawrence conjecture will be based on the properties of the invariant of
QHS which we call the trivial connection contribution to the WRT invariant, or simply the
TCC invariant. We introduced it and studied its properties in [19]-[22]. The TCC invariant
of a QHS M is a formal power series in powers of K−1
Z(tr)α (M, Lˆ;K) = h
−1/2
1 (M)
∑
m,n≥0
|m|≤n
Dm;n(M, Lˆ)α
2m+1K−n, (2.31)
whose coefficients Dm,n(M, Lˆ) are invariants ofM and Lˆ. The invariant (2.31) can be defined
by various equivalent surgery formulas. Here we will use the definition which is provided by
the following
Theorem 2.4 ([22]) There exists a unique invariant Z
(tr)
α (M, Lˆ;K) of a framed link Lˆ in
a QHS M (called the TCC invariant) which has the form (2.31) and satisfies the following
three properties:
(1) IfM = S3, then eq.(2.31) coincides with the Melvin-Morton expansion [9] of the colored
Jones polynomial in powers of K−1 at fixed values of colors αˇ, that is
Z
(tr)
αˇ (S
3, Lˆ;K) = Jαˇ(Lˆ; qˇ). (2.32)
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(2) Let Lˆ be a framed L-component link and Kˆ be a framed knot with self-linking number
p in a QHS M . Then the expression
Z
(tr)
α,β (M, Lˆ ∪ K;K) = q
−p(β2−1)/4 Z
(tr)
α,β (M, Lˆ ∪ Kˆ;K), (2.33)
does not depend on the choice of the framing of Kˆ (that is, Z
(tr)
α,β (M, Lˆ ∪ K;K) is well-
defined for unframed knots). Moreover, if m > n/2, then Dm,m,n(M, Lˆ ∪K) = 0 or, in
other words,
Z
(tr)
α,β (M, Lˆ ∪ K;K) = h
−1/2
1 (M)
∑
m,m,n≥0
|m|+m≤n
m≤n/2
Dm,m;n(M, Lˆ ∪ K)α
2m+1 β2m+1K−n. (2.34)
(3) If a QHS M ′ is constructed by Dehn’s surgery on a knot Kˆ with self-linking number p
in a QHS M , then
Z(tr)α (M
′, Lˆ;K) = −i (8K)−1/2 e−(3pii/4) sign(p) q(3/4) sign(p) (2.35)
×
∫
[β=0]
Z
(tr)
α,β (M, Lˆ ∪ Kˆ;K) (q
β/2 − q−β/2) dβ
(here
∫
[β=0]
denotes a stationary phase contribution of the point β = 0), or more
precisely,
Z(tr)α (M
′, Lˆ;K) = −i (8K)−1/2 e−(3pii/4) sign(p) q(3/4) sign(p)h
−1/2
1 (M) (2.36)
×
∑
m,m,n≥0
|m|+m≤n
m≤n/2
(
Dm,m;n(M, Lˆ ∪ K)α
2m+1K−n
×
∫ +∞
−∞
e(ipi/2K)p(β
2−1) β2m+1 (e(ipi/K)β − e−(ipi/K)β) dβ
)
.
Equation (2.36) is a well-defined relation between formal power series. Indeed, since
K−1/2
∫ +∞
−∞
e(ipi/2K)p(β
2−1) β2m+1 (e(ipi/K)β − e−(ipi/K)β) dβ = O(Km) as K →∞, (2.37)
then only the coefficients Dm,m,n(M, Lˆ ∪ K) with n −m ≤ n
′ participate in the expression
for Dm,n′(M
′, Lˆ). In view of the bound m ≤ n/2 in the sum of eq. (2.34), this means that
the number of such coefficients Dm,m,n(M, Lˆ ∪ K) is finite for any fixed n
′.
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We proved Theorem 2.4 in [22] by showing that eq.(2.34) (which indicates that the removal
of the self-linking factor qp(β
2−1)/4 reduces the power of β versus the power of K−1 in the
expansion) is consistent with the surgery formula (2.35) and that the invariant Z
(tr)
α (M, Lˆ;K)
does not depend on the choice of the sequence of knot surgeries which leads from S3 to M .
We also proved in [27] (Theorem 1.15 and Remark 1.17) that if we switch in eq.(2.31) from
powers of K−1 to powers of h = e2pii/K − 1 by writing
Z(tr)α (M, Lˆ;K) = h
−1/2
1 (M)
∞∑
n=0
Pα;n(M, Lˆ) h
n, (2.38)
Pα;n(M, Lˆ) =
∑
m≥0
|m|≤n
dm;n(M, Lˆ)α
2m+1, (2.39)
then for fixed odd αˇ
Pαˇ;n(M, Lˆ) ∈


Z if h1(M) = 1
Z[1/2, 1/h1(M)] if h1(M) > 1
(2.40)
Remark 2.5 In fact, we proved relation (2.40) in [27] for a 0-framed link L. However, since
Z(tr)α (M, Lˆ;K) = q
1
4
∑L
j=1 ljj(α
2
j−1)Z(tr)α (M,L;K), (2.41)
ljj being self-linking numbers of the link components Lˆj, and since for odd αˇ
q
1
4
∑L
j=1 ljj(αˇ
2
j−1) ∈ Z[1/h1(M)] [[h]], (2.42)
then relations (2.40) are also true for framed links Lˆ ⊂M .
Remark 2.6 Similarly to the TCC invariant Z(tr)(M ;K) which we mentioned in Introduc-
tion, the definition of Z
(tr)
α (M, Lˆ;K) was motivated by an asymptotic approach to the study
of the WRT invariant. The calculation of Witten’s path integral for Zαˇ(M, Lˆ; Kˇ) in the
stationary phase approximation at large values of Kˇ suggests that Zαˇ(M, Lˆ; Kˇ) splits into
a sum of contributions of connected components Mc of the moduli space M of flat SU(2)
connections on M
Zαˇ(M, Lˆ; Kˇ) =
∑
c
Z
(c)
αˇ (M, Lˆ; Kˇ), Z
(c)
αˇ (M, Lˆ; Kˇ) = e
(iKˇ/2pi)S
(c)
CSX
(c)
αˇ (M, Lˆ; Kˇ). (2.43)
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Here S
(c)
CS is the Chern-Simons invariant of connections ofMc and X
(c)
αˇ (M, Lˆ; Kˇ) are asymp-
totic power series in Kˇ−1 (possibly with a fractional power of K as a prefactor) whose
coefficients depend on M, Lˆ, c and αˇ. If M is a QHS, then the trivial connection is a sepa-
rate point in M and we conjectured in [19] that Z
(tr)
αˇ (M, Lˆ; Kˇ) represents its contribution
to the whole WRT invariant Zαˇ(M, Lˆ; Kˇ).
We proved in [19] and [21] that for an empty link Lˆ,
P0(M) = 1/h1(M), P1(M) = 3λCW(M)/h1(M). (2.44)
Then we showed in [23] that an apparent similarity between eqs. (2.28) and (2.44) can be
extended.
Theorem 2.7 For an empty link Lˆ, the coefficients Pn(M) of eq.(2.38) coincide with Oht-
suki’s invariants λn(M), or in other words,
∞∑
n=0
λn(M) h
n = h
1/2
1 (M)Z
(tr)(M ;K). (2.45)
In this paper we will prove the Lawrence Conjecture 2.3 extended to the SO(3) WRT
invariant Z ′ of links in QHS The definition of this invariant is given by the following
Theorem 2.8 (cf. [4]) Let Lˆ be a framed L-component link in a 3-manifold M . Suppose
that M is constructed by Dehn’s surgery on a framed L′-component link Lˆ′ ⊂ S3. Then for
an odd integer Kˇ and for a set of odd colors αˇ, the following expression
Z ′αˇ(M, Lˆ; Kˇ) = i
−L′ Kˇ−L
′/2 e(ipi/4)(κ+1) sign(Lˆ
′) qˇ3 4
∗ sign(Lˆ′) (2.46)
×
∑
0<βˇ<K
βˇ−odd
{q
βˇ/2
− q
−βˇ/2
} Jαˇ,βˇ(Lˆ ∪ Lˆ
′; qˇ)
does not depend on the choice of the surgery link Lˆ′ which is used to construct M . We call
Z ′αˇ(M, Lˆ; Kˇ) the SO(3) invariant of Lˆ and M . It satisfies the analog of eq.(2.24)
Zαˇ(M, Lˆ; Kˇ) = Z(M ; 3)Z
′
αˇ(M, Lˆ; Kˇ) if Kˇ ≡ −1 (mod 4)
Zαˇ(M, Lˆ; Kˇ) = Z(M ; 3)Z
′
αˇ(M, Lˆ; Kˇ) if Kˇ ≡ 1 (mod 4)
(2.47)
13
Proof. The independence of Z ′α(M, Lˆ;K) on the choice of a surgery link Lˆ
′ can be proved
in exactly the same way as the invariance of Z ′(M ;K) in [4]. We will prove eq. (2.47) in
Section 4. ✷
Main Theorem For a QHS M let Kˇ be an odd prime which does not divide h1(M). If Lˆ
is a framed link in M , then
Z ′αˇ(M, Lˆ; Kˇ) ∈ Z[qˇ] (2.48)
and
Z ′αˇ(M, Lˆ; Kˇ) =
(
h1(M)
Kˇ
)
L
(
h
1/2
1 (M)Z
(tr)
αˇ (M, Lˆ;K)
)∨
, (2.49)
or equivalently,
Z ′αˇ(M, Lˆ; Kˇ) =
(
h1(M)
Kˇ
)
L
∞∑
n=0
P ∨αˇ;n(M, Lˆ) hˇ
n, (2.50)
where Pα;n(M, Lˆ) are the coefficients in the expansion (2.38) of Z
(tr)
α (M, Lˆ;K).
Remark 2.9 Since eqs.(2.30) and (2.50) imply that λn(M) = Pn(M), then relation (2.29)
follows from (2.40). In fact, (2.40) is a generalization of (2.29) for the case of a link Lˆ ⊂M
(see also eqs. (1.87), (1.90) and (1.93) in Theorem 1.8 of [27] for a slightly stronger statement
about the denominators of Pα;n(M, Lˆ)).
Sketch of the proof of Main Theorem. Suppose that a QHS M is constructed by a surgery on
a framed algebraically split link Lˆ′ ⊂ S3 (i.e. all linking numbers between the components
of L′ are zero). We prove the theorem by induction in the number of components of Lˆ′.
An easy Proposition 4.4 establishes Main Theorem for M = S3. It remains to prove that
if Main Theorem is true for a QHS M , then it is also true for a QHS M ′ constructed by a
surgery on a homologically trivial framed knot Kˆ ⊂M . The key to the proof is Corollary 3.2
which describes the structure of Z
(tr)
α,β (M, Lˆ ∪ Kˆ;K) and Corollary 3.6 which establishes the
similarity between the gaussian sum of the surgery formula (2.46) and the gaussian integral
of the surgery formula (2.35) as they appear after the substitution (3.6).
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Our proof of Main Theorem relies exclusively on the properties of the TCC invariant. We
use neither the Murakami-Ohtsuki Theorem 2.2, nor Theorem 2.7. In fact, Main Theorem
is stronger than these theorems (except eq.(2.28) which we will prove in Appendix).
3 Preliminary results
All our proofs are based on a particular case of Theorem 1.8 of [27].
Theorem 3.1 Let Lˆ be a framed link and let Kˆ be a framed knot with self-linking number
p in a QHS M . Let o be the order of K as an element of H1(M,Z). For odd colors αˇ of Lˆ,
there exist the polynomials
Pαˇ;n(M, Lˆ,K; t) ∈ Z[t
1/o, t−1/o, 1/2, 1/h1(M)] (3.1)
such that
Pαˇ;n(M, Lˆ,K; t
−1) = Pαˇ;n(M, Lˆ,K; t) (3.2)
and
Z
(tr)
αˇ,β (M, Lˆ ∪ Kˆ;K) = h
−1/2
1 (M) q
(1/4)p(β2−1) q
β/2o − q−β/2o
q1/2 − q−1/2
∞∑
n=0
Pαˇ;n(M, Lˆ,K; q
β)
∆2n+1A (M,K; q
β)
hn. (3.3)
Here ∆A(M,K; t) is the Alexander polynomial of K normalized in such a way that
∆A(M,K; t
−1) = ∆A(M,K; t), (3.4)
∆A(M,K; t)|t=1 = h1(M)/o. (3.5)
Proof. For the case of 0-framed link L and knot K, this theorem is a special case of The-
orem 1.8 and Remark 1.10 of [27]. Remark 2.5 allows us to extend it to framed links and
knots.
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Corollary 3.2 If Kˆ is a framed homologically trivial knot with self-linking number p in a
QHS M , then for odd colors αˇ
Z
(tr)
αˇ,β (M, Lˆ ∪ Kˆ;K) = h
−1/2
1 (M) q
1/2 h−1 q(1/4)p(β
2−1) (3.6)
×
∑
m,n≥0
dαˇ,m;n(M, Lˆ,K) (q
β/2 − q−β/2)2m+1 hn
dαˇ,m;n(M, Lˆ,K) ∈ Z[1/2, 1/h1(M)] (3.7)
Proof. Since K is homologically trivial, then o = 1 and also
∆A(M,K; t) ∈ Z[t, t
−1]. (3.8)
Therefore relations (3.2), (3.4) and (3.5) imply that ∆A(M,K; t) and Pαˇ;n(M, Lˆ,K; t) are
polynomials of (t1/2 − t−1/2)2
∆A(M,K; t) = h1(M) +
∑
m≥1
am (t
1/2 − t−1/2)2m, am ∈ Z, (3.9)
Pαˇ;n(M, Lˆ,K; t) =
∑
m≥0
bm (t
1/2 − t−1/2)2m, bm ∈ Z[1/2, 1/h1(M)]. (3.10)
The expansion of denominators in the sum of eq.(3.3) in powers of (qβ/2 − q−β/2)2 leads to
eq.(3.6). ✷
To prove Main Theorem, we will also need some simple facts.
Lemma 3.3 (H. Murakami [11]) If f(q) ∈ Z[q, q−1] and its expansion in powers of h =
q − 1 is
f(q) =
∞∑
n=0
an h
n, (3.11)
then for any N > 0
f(q) =
N∑
n=0
an h
n + hN+1x, where x ∈ Z[q, q−1]. (3.12)
Lemma 3.4 If Kˇ is prime and m,n ∈ Z, n not divisible by Kˇ, then there is an equlity in
ZKˇ [qˇ]
qˇmn
∗
=(qm/n)∨, (3.13)
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where qm/n is understood as a power series in h
qm/n = (1 + h)m/n =
∞∑
k=0
(
m/n
k
)
hk (3.14)
(
m/n
k
)
=
m
n
(
m
n
− 1
)
· · ·
(
m
n
− k + 1
)
k!
=
m(m− n) · · · (m− n(k − 1))
nk k!
. (3.15)
Proof. It is easy to see that if n is not divisible by Kˇ, then
(
m/n
k
)
∈ Z(Kˇ) (3.16)
and as a result
(
m/n
k
)∨
=
(
m (1/n)∨
k
)
∈ ZKˇ . (3.17)
Therefore according to eq. (3.14), the r.h.s. of eq. (3.13) can be presented in ZKˇ [qˇ] as a
convergent power series in hˇ
(qm/n)∨ =
∞∑
k=0
(
m/n
k
)∨
hˇk =
∞∑
k=0
(
m (1/n)∨
k
)
hˇk. (3.18)
Since qˇmn
∗
does not depend on the choice of n∗ which satisfies eq.(2.14), then according
to definition (2.16), for any positive integer N we can set n∗ = [(1/n)∨]N and present the
l.h.s. of eq.(3.13) in ZKˇ [qˇ] also as a convergent power series in h
qˇmn
∗
= qˇm [(1/n)
∨]N = (1 + hˇ)m [(1/n)
∨]N =
∞∑
k=0
(
m [(1/n)∨]N
k
)
hˇk. (3.19)
Now eq.(3.13) follows from the fact that each term of the series (3.19) converges Kˇ-adicly
to the corresponding term of the series (3.18) as N −→∞. ✷
Our proof of the Lawrence conjecture is based on a simple relation between gaussian
sums and gaussian integrals. We introduce the following notation: for a function f(βˇ),
∑
0<βˇ<Kˇ
βˇ−odd
′
f(βˇ) =
∑
0<βˇ<Kˇ
βˇ−odd
f(βˇ) +
1
2
f(Kˇ). (3.20)
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Lemma 3.5 For Kˇ being an odd prime and for p,m ∈ Z, p not divisible by Kˇ, consider the
expression
Xcycl. = Kˇ
−1/2 e(ipi/4)(κ−1) sign(p)
∑
0<βˇ<Kˇ
βˇ−odd
′
qˇ4
∗pβˇ2(qˇmβˇ + qˇ−mβˇ) ∈ C (3.21)
and a function of q
Xasympt. = (8K)
−1/2 |p|1/2 e−(ipi/4) sign(p)
∫ +∞
−∞
q(1/4)pβ
2
(qmβ + q−mβ)dβ. (3.22)
which is well-defined for 0 < |q| < 1. Then
Xcycl. =
(
|p|
Kˇ
)
L
qˇ−m
2p∗ ∈ Z[qˇ] ⊂ C, (3.23)
while (3.22) can be extended analyticly to the vicinity of q = 1 and expanded in power series
of h = q − 1
Xasympt. = q
−m2/p ∈ Z[1/p] [[h]]. (3.24)
Finally,
Xcycl. =
(
|p|
Kˇ
)
L
(Xasympt.)
∨ . (3.25)
Proof. We calculate the sum
∑
0<βˇ<Kˇ
βˇ−odd
′
qˇ4
∗pβˇ2(qˇmβˇ + qˇ−mβˇ) =
∑
−Kˇ<βˇ≤Kˇ
βˇ−odd
qˇ4
∗pβˇ2+mβˇ =
∑
−Kˇ<βˇ≤Kˇ
βˇ−odd
qˇ4
∗p (βˇ+2mp∗)2−m2p∗
= qˇ−m
2p∗
∑
−Kˇ<βˇ≤Kˇ
βˇ−odd
qˇ4
∗pβˇ2 = qˇ−m
2p∗
∑
−(Kˇ+1)/2<γˇ≤(Kˇ−1)/2
qˇ4
∗p (2γˇ+1)2
= qˇ−m
2p∗
∑
−(Kˇ+1)/2<γˇ≤(Kˇ−1)/2
qˇp (γˇ+2
∗)2 = qˇ−m
2p∗
Kˇ∑
γˇ=1
qˇpγˇ
2
=
(
|p|
Kˇ
)
L
e(ipi/4)(1−κ) sign(p) Kˇ1/2 qˇ−m
2p∗ (3.26)
In the last line we used the formula for the gaussian sum which can be found, for example,
in [2], Chapter 6:
Kˇ∑
γˇ=1
qˇpγˇ
2
=
(
|p|
Kˇ
)
L
e(ipi/4)(1−κ) sign(p) Kˇ1/2. (3.27)
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Equation (3.23) follows from eq.(3.26).
Next we calculate the gaussian integral
∫ +∞
−∞
q(1/4)pβ
2
(qmβ + q−mβ) dβ = 2q−m
2/p
∫ +∞
−∞
q(1/4) p (β+2m/p)
2
dβ
= 2q−m
2/p
∫ +∞
−∞
e(ipi/2K)pβ
2
dβ
= (8K)1/2 e(ipi/4) sign(p) |p|−1/2 q−m
2/p. (3.28)
Relation (3.24) follows from this equation, because q−m
2/p = (1 + h)−m
2/p ∈ Z[1/p] [[h]].
Equation (3.25) follows from eqs. (3.23), (3.24) and from Lemma 3.4, because the r.h.s. of
eq.(3.25) is equal to
(
|p|
Kˇ
)
L
(
q−m
2/p
)∨
. ✷
Corollary 3.6 For Kˇ being an odd prime, m, p ∈ Z, p not divisible by Kˇ, consider the
expression
Ycycl.(p,m, qˇ) = hˇ
−1 Kˇ−1/2 e(ipi/4)(κ−1) sign(p)
∑
0<βˇ<Kˇ
βˇ−odd
qˇ4
∗pβˇ2(qˇβˇ/2 − qˇ−βˇ/2)2m+2 ∈ C (3.29)
and a function
Yasympt.(p,m, q) = h
−1 (8K)−1/2 |p|1/2 e−(ipi/4) sign(p)
×
∫ +∞
−∞
q(1/4)pβ
2
(qβ/2 − q−β/2)2m+2 dβ. (3.30)
which is well-defined for 0 < |q| < 1. Then Ycycl.(p,m, qˇ) ∈ Z[qˇ] ⊂ C and it is Kˇ-adicly small
Ycycl.(p,m, qˇ) = hˇ
m x, x ∈ Z[qˇ]. (3.31)
Yasympt.(p,m, q) can be extended analytically to the vicinity of q = 1 and expanded there in
powers of h = q − 1, so that Yasympt.(p,m, q) ∈ Z[1/p] [[h]] and it is asymptotically small
Yasympt.(p,m, q) = h
m x′, x′ ∈ Z[1/p] [[h]]. (3.32)
Finally,
Ycycl.(p,m, qˇ) =
(
|p|
Kˇ
)
L
(Yasympt.(p,m, q))
∨ (3.33)
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Proof. Obviously,
qˇKˇ/2 − qˇ−Kˇ/2 = 0, (3.34)
so we can replace the sum
∑
0<βˇ<Kˇ
βˇ−odd
in the expression (3.29) for Ycycl. by the extended sum
∑
0<βˇ<Kˇ
βˇ−odd
′.
Since for m ≥ 0
(qβ/2 − q−β/2)2m+2 =
m+1∑
n=0
am,n (q
nβ + q−nβ), am,n ∈ Z, (3.35)
then we conclude from eq.(3.23) and (3.25) that
hˇ Ycycl. ∈ Z[qˇ], h Yasympt. ∈ Z[1/p] [[h]], hˇ Ycycl. =
(
|p|
Kˇ
)
L
(h Yasympt.)
∨ (3.36)
Since
K−1/2
∫ +∞
−∞
q(1/4)pβ
2
(qβ/2 − q−β/2)2m+2 dβ = O(K−m−1) as K →∞, (3.37)
then the expansion of h Yasympt. in powers of h starts at h
m+1. Therefore Yasympt. is divisible
by hm in Z[1/p] [[h]], Ycycl. is divisible by hˇ
m in Z[qˇ] and the relations (3.31)–(3.33) follow
from (3.36). ✷
4 Proof of Main Theorem
We start with Symmetry Principle formulated by R. Kirby and P. Melvin in [4].
Theorem 4.1 (R. Kirby, P. Melvin [4]) Let Lˆ be a framed L-component link in S3. For
a fixed integer j, 1 ≤ j ≤ L, consider two sets of colors αˇ and αˇ′ such that
αˇ′k = αˇk if k 6= j, αˇ
′
j = Kˇ − αˇj . (4.1)
Then
Jαˇ′(Lˆ; qˇ) = i
κljj (−1)
ljj αˇj+
∑
1≤k≤L
k 6=j
ljk(αˇk−1)
Jαˇ(Lˆ; qˇ), (4.2)
here ljk are the linking numbers of Lˆ while κ is defined by eq.(2.15).
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Remark 4.2 This theorem follows easily from the Main Theorem of [26] which is a partic-
ular case of Theorem 1.8 of [27] (see Appendix C of [26] for the details).
Proof of eq.(2.47) of Theorem 2.8. Our proof is a slightly shortened version of the proof of
eq.(2.24) in [4]. The Symmetry Principle applied to the colors βˇ in the surgery formula (2.21)
suggests that the sum over βˇ can be split into a sum over the elements of the symmetry group
generated by the transformations (4.1) acting on βˇ, and over the orbits of that action. Since
according to our assumptions, Kˇ is odd, then each orbit contains a set of colors βˇ which are
all odd. Therefore for odd colors αˇ we can rewrite eq.(2.21) as
Zαˇ(M, Lˆ; Kˇ) = i
−L′ (2Kˇ)−L
′/2 e−(3pii/4) sign(Lˆ
′) qˇ(3/4) sign(Lˆ
′) (4.3)
×X(Lˆ′; κ)
∑
0<βˇ<K
βˇ−odd
{qˇ
βˇ/2
− qˇ
−βˇ/2
} Jαˇ,βˇ(Lˆ ∪ Lˆ
′; qˇ),
where
X(Lˆ′; κ) =
∑
J⊂{1,...,L′}
iκ
∑
j∈J l
′
jj (−1)
∑
j,k∈J, j≤k l
′
j,k (4.4)
and l′ij are the linking numbers of Lˆ
′. Note that
X(Lˆ′; 1) = X(Lˆ′;−1) (4.5)
and the sum X(Lˆ′; κ) depends on K only through κ. Consider the invariant Z(M ;K) at
K = 3. Since Jαˇ(Lˆ; qˇ)
∣∣∣
αˇ=1
= 1, then according to eq.(4.3),
Z(M ; 3) = 2−L
′/2 e−(ipi/4) sign(Lˆ
′)X(Lˆ′;−1). (4.6)
A combination of eqs.(4.3), (4.5) and (4.6) shows that eq.(2.47) is satisfied if the invariant
Z ′αˇ(M, Lˆ; Kˇ) was given by the expression
Z ′αˇ(M, Lˆ; Kˇ) = i
−L′ Kˇ−L
′/2 e−(ipi/4)(κ+3) sign(Lˆ
′) qˇ(3/4) sign(Lˆ
′)
×
∑
0<βˇ<K
βˇ−odd
{qˇ
βˇ/2
− qˇ
−βˇ/2
}Jαˇ,βˇ(Lˆ ∪ Lˆ
′; qˇ). (4.7)
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In fact, since
1− κKˇ
4
≡ 4∗ (mod Kˇ), (4.8)
then it is easy to see that
e−(ipi/4)(κ+3) sign(Lˆ
′) qˇ(3/4) sign(Lˆ
′) = e(ipi/4)(κ+1) sign(Lˆ
′) qˇ3 4
∗ sign(Lˆ′) (4.9)
and eq.(4.7) is equivalent to eq.(2.46). ✷
Proposition 4.3 Suppose that Kˇ is an odd integer. Let Kˆ ⊂ M be a framed knot with
self-linking number p 6= 0. If M ′ is constructed by Dehn’s surgery on Kˆ, then for odd colors
αˇ
Z ′αˇ(M
′, Lˆ; Kˇ) = Kˇ−1/2 sign(p) e(ipi/4)(κ−1) sign(p) qˇ3 4
∗ sign(p) (4.10)
×
∑
0<βˇ<Kˇ
βˇ−odd
(qβˇ/2 − q−βˇ/2)Z ′
αˇ,βˇ
(M, Lˆ ∪ Kˆ; Kˇ).
Proof. Suppose that M is constructed by a surgery on a framed link Lˆ′ ⊂ S3. Then M ′ can
be constructed by a surgery on Lˆ′ ∪ Kˆ with Kˆ ⊂ S3 having a self-linking number
p0 = p+
L′∑
j,k=1
l′0j l
′
0k (l
′)−1jk , (4.11)
here l′0j are the linking numbers between K and components of Lˆ
′ while (l′)−1jk is the inverse
linking matrix of Lˆ′. Since
sign(Lˆ′ ∪ Kˆ) = sign(p) + sign(Lˆ′) (4.12)
and for p 6= 0
i−1 e(ipi/4)(κ+1) sign(p) = sign(p) e(ipi/4)(κ−1) sign(p), (4.13)
then comparing eq.(2.46) for the surgeries on Lˆ′ and on Lˆ′ ∪ Kˆ we arrive at eq.(4.10). ✷
The following two propositions will allow us to prove Main Theorem by induction.
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Proposition 4.4 The Main Theorem is true for M = S3.
Proof. According to eq.(2.46) applied in the trivial case of an empty surgery link,
Z ′αˇ(S
3, Lˆ; Kˇ) = Jαˇ(Lˆ; qˇ). (4.14)
Therefore relation (2.48) follows from (2.19). Equation (2.32) indicates that Z
(tr)
αˇ (S
3, Lˆ;K)
is the expansion of Jαˇ(Lˆ; q) in powers of h, so eq. (2.49) follows from Lemma 3.3 together
with eq.(2.10) and the definition of Kˇ-adic convergence (2.12). ✷
Proposition 4.5 Suppose that a QHS M ′ is constructed by a surgery on a homologically
trivial framed knot Kˆ in another QHS M . If the Main Theorem is true for M , then it is
true for M ′.
Proof. Suppose that h1(M
′) is not divisible by an odd prime Kˇ. Since
h1(M
′) = |p| h1(M), (4.15)
where p is the self-linking number of Kˆ, then neither p nor h1(M) is divisible by Kˇ. We
assume that eq.(2.50) is true for the link Lˆ ∪ Kˆ ⊂ M
Z ′
αˇ,βˇ
(M, Lˆ ∪ Kˆ; Kˇ) =
(
h1(M)
Kˇ
)
L
∞∑
n=0
P ∨
αˇ,βˇ;n
(M, Lˆ ∪ Kˆ) hˇn. (4.16)
On the other hand, if αˇ and βˇ are odd, then in view of eqs.(2.38), (3.6) and Lemma 3.3, for
any N > 0
N∑
n=0
Pαˇ,βˇ;n(M, Lˆ ∪ Kˆ) h
n (4.17)
= qˇ1/2 hˇ−1 qˇ(1/4)p (βˇ
2−1)dαˇ,m;n(M, Lˆ,K)
∑
m,n≥0
m+n≤N
(qˇβˇ/2 − qˇ−βˇ/2)2m+1 hˇn + hˇN+1x1,
where
dαˇ,m;n(M, Lˆ,K) ∈ Z[1/2, 1/h1(M)], x1 ∈ Z[q, q
−1, 1/2, 1/h1(M)]. (4.18)
Since we assumed that Kˇ does not divide h1(M), then the first relation of (4.18) implies
that dαˇ,m;n(M, Lˆ,K) ∈ Z(Kˇ). Therefore d
∨
αˇ,m;n(M, Lˆ,K) is well-defined and we can also use
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[
d∨αˇ,m;n(M, Lˆ,K)
]
N
as its Kˇ-adic approximation. Thus equations (4.16) and (4.17) together
with the relations (2.10) and
qˇ(1/4)p (βˇ
2−1) = qˇ4
∗p (βˇ2−1) if βˇ is odd, qˇ1/2 = −qˇ2
∗
(4.19)
imply that for any N0 there exists N
′
0 such that for any N > N
′
0
Z ′
αˇ,βˇ
(M, Lˆ ∪ Kˆ; Kˇ) = −
(
h1(M)
Kˇ
)
L
qˇ2
∗
hˇ−1 qˇ4
∗p (βˇ2−1) (4.20)
×
∑
m,n≥0
m+n≤N
[
d∨αˇ,m;n(M, Lˆ,K)
]
N
(qˇβˇ/2 − qˇ−βˇ/2)2m+1 hˇn + KˇN0+2x2, x2 ∈ Z[qˇ].
We substitute eq.(4.20) into eq.(4.10). Since
Kˇ1/2 e(ipi/4)(κ−1) =
Kˇ∑
γˇ=1
qˇγˇ
2
∈ Z[qˇ] (4.21)
and for odd βˇ
qˇβˇ/2 − qˇ−βˇ/2 = qˇ1/2(qˇ(βˇ−1)/2 − qˇ−(βˇ+1)/2) = −qˇ2
∗
(qˇ(βˇ−1)/2 − qˇ−(βˇ+1)/2) ∈ Z[qˇ], (4.22)
then it is easy to see that the contribution of the term KˇN0+2 x2 to Z
′
αˇ(M
′, Lˆ; Kˇ) is equal to
Kˇ−1/2 sign(p) e(ipi/4)(κ−1) sign(p) qˇ3 4
∗ sign(p)
∑
0<βˇ<Kˇ
βˇ−odd
(qˇβˇ/2 − qˇ−βˇ/2) KˇN0+2 x2 (4.23)
= KˇN0+1 x3, x3 ∈ Z[qˇ].
Thus we come to the following statement: for any N0 > 0 there exists N such that
Z ′αˇ(M
′, Lˆ; Kˇ) =
= −
(
h1(M
′)
Kˇ
)
L
sign(p) qˇ4
∗(2−p+3 sign(p))
∑
m,n≥0
m+n≤N
[
d∨αˇ,m;n(M, Lˆ,K)
]
N
Ycycl.(p,m, qˇ) hˇ
n
+KˇN0+1 x3, x3 ∈ Z[qˇ], (4.24)
where Ycycl.(p,m, qˇ) is defined by eq.(3.29). Since eq.(3.31) implies that Ycycl.(p,m, qˇ) ∈ Z[qˇ],
then the claim (2.48) of Main Theorem for the manifold M ′ follows easily from eq.(4.24).
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It remains to prove eq.(2.49) forM ′. If we substitute the expression for Z
(tr)
α,β (M, Lˆ∪Kˆ;K)
from eq.(3.6) into the surgery formula (2.35) and use the relations (4.15) and
i e−(ipi/2) sign(p) = sign(p) if p 6= 0, (4.25)
then we find that
h
1/2
1 (M
′)Z
(tr)
αˇ (M
′, Lˆ;K) = − sign(p) q(2−p+3sign(p))/4
∑
m,n≥0
m+n≤N
dαˇ,m;n(M, Lˆ,K) Yasympt.(p,m, q) h
n
+hN+1 x4, x4 ∈ Z[1/2, 1/h1(M
′)][[h]], (4.26)
where Yasympt.(p,m, q) is defined by eq.(3.30). The remainder h
N+1x4 in this formula comes
from the terms dαˇ,m;n(M, Lˆ,K) Yasympt.(p,m, q) with m+ n > N which were not included in
the sum of eq.(4.26). Their contribution is estimated with the help of relation (3.32).
Now if we compare eqs. (4.24) and (4.26), then eq. (2.49) for M ′ follows easily from
eq.(3.33) if we recall eq.(2.16) which relates d∨αˇ,m;n(M, Lˆ,K) and
[
d∨αˇ,m;n(M, Lˆ,K)
]
N
and if
we use the relation
(
q(2−p+3 sign(p))/4
)∨
= qˇ4
∗(2−p+3 sign(p)) (4.27)
which follows from Lemma 3.4. ✷
Corollary 4.6 Main Theorem is true for a QHS M which is constructed by Dehn’s surgery
on an algebraically split framed link Lˆ′ ⊂ S3.
Proof. The proof is by induction in the number L′ of components of Lˆ′. Proposition 4.4
demonstrates that the claim is true for L′ = 0, that is, when Lˆ′ is an empty link and as a
result M = S3. Suppose that the claim is true for L′-component links. Consider an (L′+1)-
component algebraically split link Lˆ′. The surgery on the first L′ components of Lˆ′ produces
a QHS M ′, and the (L′+1)-st component of Lˆ′ is homologically trivial inside M ′. Therefore
Main Theorem is true for the surgery on the whole link Lˆ′ because of Proposition 4.5. ✷
Lemma 4.7 Suppose that a QHS M ′ =M#Lp,1 is a connected sum of a lens space Lp,1 and
of a QHS M which contains a framed link Lˆ. Suppose that Main Theorem holds for M ′. If
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an odd prime K divides neither p, nor h1(M), then the claim of Main Theorem is true for
M .
Proof. The lens space Lp,1 can be constructed by Dehn’s surgery on a framed unknot in S
3
with self-linking number −p. Since
Jβˇ(unknot; q) = qˇ
−p (β2−1)/4 q
βˇ/2 − q−βˇ/2
q1/2 − q−1/2
, (4.28)
then according to eq.(2.35)
Z(tr)(Lp,1;K) = −i (8K)
−1/2 e(3pii/4) sign(p) q−(3/4) sign(p) qp/4 (q1/2 − q−1/2)−1
×
∫ +∞
−∞
e−(ipi/2K)pβ
2
(e(ipi/K)β − e−(ipi/K)β)2 dβ
= sign(p) |p|−1/2 q(p+2/p−3 sign(p))/4
q1/2p − q−1/2p
q1/2 − q−1/2
(4.29)
(this formula was first derived by L. Jeffrey in [3]). Corollary 4.6 indicates that Main Theorem
is true for Lp,1, so since h1(Lp,1) = |p| then
Z ′(Lp,1; Kˇ) =
(
|p|
Kˇ
)
L
(
|p|1/2 Z(tr)(Lp,1;K)
)∨
=
(
|p|
Kˇ
)
L
sign(p) qˇ4
∗(p+2p∗−3 sign(p)) qˇ
2∗p∗ − qˇ−2
∗p∗
qˇ2∗ − qˇ−2∗
. (4.30)
Note that since qˇ2
∗
= (qˇ2
∗p∗)p, then
qˇ2
∗
− qˇ−2
∗
qˇ2∗p∗ − qˇ−2∗p∗
∈ Z[qˇ] (4.31)
and as a result
1
Z ′(Lp,1; Kˇ)
∈ Z[qˇ]. (4.32)
Suppose that an odd prime K divides neither p, nor h1(M). Since h1(Lp,1) = |p|, then
in view of multiplicativity of h1(M) under the operation of connected sum,
h1(M
′) = h1(Lp,1) h1(M) = |p| h1(M) (4.33)
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and, as a result, K does not divide h1(M
′). Therefore, according to our assumptions, the
claims of Main Theorem are true for M ′
Z ′αˇ(M
′, Lˆ; Kˇ) ∈ Z[qˇ], (4.34)
Z ′αˇ(M
′, Lˆ; Kˇ) =
(
h1(M
′)
Kˇ
)
L
(
h1(M
′)1/2 Z
(tr)
αˇ (M
′, Lˆ;K)
)∨
. (4.35)
Both quantum invariants Z ′α(M, Lˆ;K) and Z
(tr)
α (M, Lˆ;K) are also multiplicative under the
operation of connected sum, so
Z ′αˇ(M, Lˆ; Kˇ) = Z
′
αˇ(M
′, Lˆ; Kˇ)/Z ′(Lp,1; Kˇ), (4.36)
Z(tr)α (M, Lˆ;K) = Z
(tr)
α (M
′, Lˆ;K)/Z(tr)(Lp,1;K), (4.37)
Therefore relation (2.48) follows from eq.(4.36) and from relations (4.34) and (4.32), while
eq.(2.49) follows from eqs.(4.37), (4.35) and (4.30). ✷
The last statement that we need in order to prove Main Theorem is the lemma that
H. Murakami introduced in [12] at the suggestion of T. Ohtsuki.
Lemma 4.8 (H. Murakami [12]) For a QHS M and an odd prime Kˇ there exists an
algebraically split framed link Lˆ′ ⊂ S3 such that Dehn’s surgery on Lˆ′ produces a QHS M ′
which is a connected sum of M and of a finite number of lens spaces Lpj ,1, 1 ≤ j ≤ N ,
M ′ = M#Lp1,1# · · ·#LpN ,1, (4.38)
such that neither of pj is divisible by Kˇ.
Proof of Main Theorem. For a QHS M let Kˇ be an odd prime number which does not divide
h1(M). Consider the QHS M
′ of Lemma 4.8 which can be constructed by Dehn’s surgery
on a framed algebraically split link Lˆ′ ⊂ S3. Corollary 4.6 says that Main Theorem is true
for M ′ and then Lemma 4.7 implies that it is also true for M . ✷
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Appendix
A Casson’s invariant as the second coefficient of the
TCC invariant
In [19] we used path integral arguments in the framework of the Chern-Simons quantum
field theory of [29] in order to derive a much weaker version of Theorem 3.1. Considering
that result as a conjecture, we used it to derive relations (2.44). Now that we have The-
orem 3.1 at our disposal, we repeat the arguments of [19] in order to present a rigorous
proof of (2.44) which in conjunction with Theorem 2.7 constitutes an alternative proof of
Murakami’s result (2.28).
The first of eqs. (2.44) was already established in [27], so it remains to show that for a
QHS M
1
3
h1(M)P1(M) = λCW(M). (A.1)
We have to establish some preliminary facts. We proved in [27] that for a knot K ⊂M
P0(M,K; t) = 1, (A.2)
here Pn(M,K; t) = 1 are the polynomials of eq.(3.3) in the case of an empty link Lˆ. A simple
corollary of eqs.(A.2) and (3.5) is that if K is homologically trivial in M , then
d0;0(M,K) = 1/h1(M), (A.3)
d1;0(M,K) =
1
2
h−21 (M)∆
′′
A(M,K). (A.4)
Here
∆′′A(M,K) =
d2
dt2
∆A(M,K; t)|t=1 (A.5)
and the coefficients dm,n(M,K) come from eq.(3.6) written for an empty link Lˆ.
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Suppose that a QHS M ′ is constructed by a surgery on a framed homologically trivial
knot Kˆ ⊂M with self-linking number p. Then according to eq.(2.35), (2.38) and (3.6)
P0(M
′) + hP1(M
′) = −i (8K)−1/2 e−(3pii/4) sign(p) q(3/4) sign(p) |p|1/2 (q1/2 − q−1/2)−1
×
∫ +∞
−∞
q(1/4)p (β
2−1)
(
d0;0(M,K) (q
β/2 − q−β/2)2 + d1;0(M,K) (q
β/2 − q−β/2)4
+h d0;1(M,K) (q
β/2 − q−β/2)2
)
dβ +O(h2) (A.6)
and as a result,
P1(M
′) =
1
|p|
[(
3
4
sign(p)−
p
4
−
1
2p
)
d0;0(M,K) + d0;1(M,K)−
6
p
d1;0(M,K)
]
, (A.7)
or in view of eqs.(A.3), (A.4)
P1(M
′) =
1
h1(M ′)
(
3
p
sign(p)−
p
4
−
1
2p
−
3
4
∆′′A(M,K)
h1(M)
+ h1(M) d0;1(M,K)
)
. (A.8)
Proposition A.1 Equation (A.1) is true for a QHS M constructed by a surgery on a framed
algebraically split link Lˆ′ ⊂ S3.
Proof. (cf. the proof of Corollary 4.6) We prove the proposition by induction in the number
of components L′ of Lˆ′.
If L′ = 0, then M = S3. Since
λCW(S
3) = 0, (A.9)
then eq.(A.1) is true in view of eqs.(2.22) and (2.32).
Suppose that eq.(A.1) is true for all QHS constructed by surgeries on L′-component links
in S3. Let us prove that it is also true for manifolds constructed by surgeries on (L′ + 1)
component links. It is enough to prove the following: if eq.(A.1) is true for a QHS M then it
is also true for a QHS M ′ constructed by Dehn’s surgery on a framed homologically trivial
knot Kˆ ⊂M .
Equations (2.38), (2.39) imply that
Z
(tr)
β (M, Kˆ;K) = h
−1/2
1 (M)
∑
m,n≥0
|m|≤n/2
dm;n(M,K) β
2m+1 hn. (A.10)
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If we substitute β = 1 into this equation and take into account the relation
Z
(tr)
β (M, Kˆ;K)
∣∣∣
β=1
= Z(tr)(M ;K), (A.11)
then we conclude that
d0;1(M,K) = P1(M). (A.12)
Assume that eq.(A.1) is true for M . Then in view of eq.(A.12)
d0;1(M,K) = 3λCW(M)/h1(M), (A.13)
and therefore according to eq.(A.8),
(1/3) h1(M
′)P1(M
′) =
1
4
sign(p)−
p
12
−
1
6p
−
1
p
∆′′A(M,K)
h1(M)
+ λCW(M). (A.14)
According to [28], the r.h.s. of this equation is equal to λCW(M
′), hence we proved eq.(A.1)
for M ′. ✷
Since a lens space Lp,1 is constructed by Dehn’s surgery on an unknot in S
3, then Propo-
sition A.1 implies that eq.(A.1) is true for Lp,1. Suppose that eq.(A.1) holds for a manifold
M ′ = M#Lp,1, with M being a QHS Since both λCW(M) and (1/3) h1(M)P1(M
′) are
additive under the operation of connected sum (the latter additivity follows from the multi-
plicativity of Z(tr)(M ;K)), then eq.(A.1) should also be true for M . In view of Lemma 4.8
and Proposition A.1, this proves eq.(A.1) for any QHS (cf. Proof of Main Theorem).
References
[1] D. Bar-Natan, S. Garoufalidis, L. Rozansky, D. Thurston, The Aarhus invariant of
rational homology spheres II: Invariance and universality, preprint math.QA/9801049.
[2] K. Ireland, M. Rosen, A classical introduction to modern number theory, Second Edition,
Springer-Verlag, 1990.
30
[3] L. Jeffrey, Chern-Simons-Witten Invariants of lens spaces and torus bundles, and the
semiclassical approximation, Commun. Math. Phys. 147 (1992) 563-604.
[4] R. Kirby, P Melvin, The 3-manifold invariants of Witten and Reshetikhin-Turaev for
sl(2,C), Invent. Math. 105 (1991) 473-545.
[5] R. Lawrence, Asymptotic expansions of Witten-Reshetikhin-Turaev invariants for some
simple 3-manifolds, Journ. Math. Phys. 36 (1995) 6106-6129.
[6] R. Lawrence, L. Rozansky, Witten-Reshetikhin-Turaev invariants of Seifert manifolds,
preprint.
[7] T. Le, On perturbative PSU(N) invariants of rational homology 3-spheres, preprint
math.GT/9802032.
[8] T. Le, J. Murakami, T. Ohtsuki, On a universal perturbative invariant of 3-manifolds,
to appear in Topology.
[9] P. Melvin, H. Morton, The coloured Jones function, Commun. Math. Phys. 169 (1995)
501-520.
[10] G. Masbaum, J. D. Roberts, A simple proof of integrality of quantum invariants at
prime roots of unity, Math. Proc. Cam. Phil. Soc. 121 (1997) 443-454.
[11] H. Murakami, Quantum SU(2) invariants dominate Casson’s SU(2) invariant, Math.
Proc. Camb. Phil. Soc. 115 (1993) 253-281.
[12] H. Murakami, Quantum SO(3)-invariants dominate the SU(2)-invariant of Casson and
Walker, Math. Proc. Camb. Phil. Soc. 117 (1995) 237-249.
[13] T. Ohtsuki, A polynomial invariant of integral homology 3-spheres, Math. Proc. Camb.
Phil. Soc. 117 (1995) 83-112.
[14] T. Ohtsuki, A polynomial invariant of rational homology 3-spheres, Invent. Math. 123
(1996) 241-257.
31
[15] T. Ohtsuki, Finite type invariants of integral homology 3-spheres, Journ. of Knot Theory
and its Ramifications 5 (1996) 101-115.
[16] N. Reshetikhin, V. Turaev, Invariants of 3-manifolds via link polynomials and quantum
groups, Invent. Math. 103 (1991) 547-597.
[17] L. Rozansky, A large k asymptotics of Witten’s invariant of Seifert manifolds, Commun.
Math. Phys. 171 (1995) 279.
[18] L. Rozansky, Residue formulas for the large k asymptotics of Witten’s invariants of
Seifert manifolds. The Case of SU(2), Commun. Math. Phys. 178 (1996) 27-60.
[19] L. Rozansky, A contribution of the trivial connection to the Jones polynomial and Wit-
ten’s Invariant of 3d manifolds I, Commun. Math. Phys. 175 (1996) 275-296.
[20] L. Rozansky, A contribution of the trivial connection to the Jones polynomial and Wit-
ten’s Invariant of 3d manifolds II, Commun. Math. Phys. 175 (1996) 297-318.
[21] L. Rozansky, The trivial connection contribution to Witten’s invariant and finite type
invariants of rational homology spheres, Commun. Math. Phys. 183 (1997) 23-54.
[22] L. Rozansky, On finite type invariants of links and rational homology spheres de-
rived from the Jones polynomial and Witten-Reshetikhin-Turaev invariant, Proc. of the
Aarhus Conf. Geometry and physics, (J. E. Andersen, J. Dupont, H. Pedersen, and
A. Swann, eds.), Lecture notes in pure and applied mathematics 184 (1997) 379–397,
Marcel Dekker, New-York.
[23] L. Rozansky, Witten’s invariant of rational homology spheres at prime values of K and
trivial connection contribution, Commun. Math. Phys. 180 (1996) 297-324.
[24] L. Rozansky, On p-adic convergence of perturbative invariants of some rational homology
spheres, Duke Math. Journ. 91 (1998) 353-380.
[25] L. Rozansky, The universal R-matrix, Burau representation and the Melvin-Morton
expansion of the colored Jones polynomial, Adv. in Math. 134 (1998) 1-31.
32
[26] L. Rozansky, A contribution of a U(1)-reducible connection to quantum invariants of
links I: R-matrix and Burau representation, preprint math.QA/9806004.
[27] L. Rozansky, A contribution of a U(1)-reducible connection to quantum invariants of
links II: Links in rational homology spheres, preprint math.QA/9806066.
[28] K. Walker, An extension of Casson’s invariant, Annals of Mathematics Studies, 126,
Princeton University Press, Princeton, 1992.
[29] E. Witten, Quantum field theory and the Jones polynomial, Commun. Math. Phys. 121
(1989) 351-399.
33
